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Abstract—The emission from a gray radiating medium is analyzed for transient cooling in surroundings
at a low temperature. The medium is rectangular with no variations in the direction normal to the cross
section. The integral equation for the transient temperature distribution is solved numerically using a two-
dimensional Gaussian integration subroutine. The emissive ability for a rectangle at uniform temperature
is compared with that for transient cooling where the temperature distribution of the region has reached
a fully developed shape, as shown by a separation of variables solution. The two solutions provide the
upper and lower bounds for the emittance of a rectangle during transient cooling. The emittances for
various aspect ratios are presented as a function of the mean length of the rectangle and are compared
with results for a plane layer and a cylinder.

INTRODUCTION

THE RADIATIVE behavior of one-dimensional absorb-
ing, emitting, and scattering media, such as planar
layers or long cylinders, has received considerable
attention in the literature over the past 40 years. The
detailed examination of radiative behavior for multi-
dimensional geometries is much more recent and has
been aided by the availability of increased computing
power to solve the integral relations that are involved.
The present study is concerned with a rectangular
shape ; some of the recent radiation analyses for this
geometry are given in refs. [1-5]. Most of the inves-
tigations in the literature have been for steady con-
ditions, and various solution techniques have been
used, such as polynomial approximations [1], finite
elements [2], and discrete ordinates [5]. The present
study is for transient radiative behavior. The results
have applications to the cooling of high temperature
porous ceramic insulating materials, and to the energy
dissipation by liquid drop or particle heat radiators
for elimination of waste heat in outer space. The tran-
sient energy equation is a non-linear integral equation
for the temperature distribution. It was solved
numerically using a two-dimensional Gaussian inte-
gration subroutine. The integrations were carried out
in regions surrounding node points that were on a
square grid of points in the rectangular region. Cubic
spline interpolation was used to obtain temperature
values between the nodes as required by the inte-
gration routine. The method of integration used to
avoid any singular numerical behavior will be
described.

The radiating medium considered here is initially
at uniform temperature and is then placed in low
temperature surroundings. It will begin to cool at
uniform temperature, and the outer regions will cool
most rapidly, yielding transient temperature dis-

tributions such as those in ref. [6] for a plane layer. It
was found in ref. [6] that after a period of time, the
temperature distribution developed a shape that it
then retained throughout the remainder of the tran-
sient. During this remaining portion of the transient,
the emittance became constant. It was also found
that the initial emittance for the region at uniform
temperature, and the final transient emittance, are
bounding values for the entire transient. These bounds
show how significant the transient conditions are in
influencing the instantaneous heat loss. The fully
developed transient region was examined in more
detail for a plane layer in ref. [7] by a separation of
variables solution. This type of solution can also be
applied for non-planar geometries and is used here to
examine a rectangular region. The method is applied
here to an absorbing—emitting medium, but it can be
extended to include scattering. This will be done in a
subsequent paper.

The similarity formulation yields a two-dimen-
sional non-linear integra! equation for the universal
shape of the transient temperature distribution that
is ultimately achieved during cooling. The integral
equation was solved by iteration, using two-dimen-
sional Gaussian integration subroutines to evaluate
the radiative flux integrals. After the temperature dis-
tribution was found, the local heat fluxes were evalu-
ated around the rectangular boundary. This reveals
the relatively low radiative dissipation at the corners,
and how the heat loss at the center of the long side
approaches that for a flat layer as the aspect ratio is
increased.

ANALYSIS

Energy relations for radiative cooling
The rectangular region shown in Fig. 1(a) is filled
with a gray emitting, absorbing, and non-scattering
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NOMENCLATURE
A area of boundary t intermediate variable used in equation
Ag aspect ratio of rectangular region, d/b “
a absorption coefficient of radiating 4 volume
medium x,y.z rectangular coordinates; X = x/b,
B, optical length of small side of rectangle, Y=y/b, Z =z/b.
ab
b length of small side of rectangle
c, specific heat of radiating medium Greek symbols
d length of large side of rectangle £ emittance
F function of X, Y in temperature £ emittance for fully developed transient
distribution conditions based on T,
i average radiation intensity £, emittance for region at uniform
Q heat loss per unit of length z temperature
q, local heat loss along boundary per unit (€ intermediate variables used to obtain
area and time equation (5)
q. radiative heat flow per unit area and 0 angular coordinate
time p density of radiating medium
g..q, surface heat fluxesin x- and y-directions a Stefan—Boltzmann constant
R dimensionless distance between two T time; ¥ = (4077 /pc,b)r.
points
r position coordinate
S, function defined in equation (4) Subscripts
T absolute temperature; T = T/T; fd fully developed transient conditions
T reference temperature or initial l local value along boundary
temperature m integrated mean value
Tr temperature at center of long side of ut value for rectangle at uniform
rectangle temperature.

Te=0 medium. The geometry is long in the z-direction, and
the temperature distribution T7(x,y) within the
medium is independent of z. The surroundings are at
a temperature 7, that is low compared with that in the

X.y.0 . L. .
T - @edlum, and incident energy from the surroundings
b —F Tty is neglected. The medium is initially at a unifonp
‘L oy 2 temperature 7}, and some aspects of the transient radi-
y 2 ative cooling are to be studied. The local transient
2 X d | cooling depends on the divergence of the radiative
! ! flux, and the energy equation has the following form
(@) from ref. [8]:
oT

3 pcl"a—,gz _V.qr' (1)

To =0 dz

dy? d.y.z
z

—]
(b)

FIG. 1. Geometry of radiating rectangular region: (a) ex-
change between interior volume elements; (b) exchange
between volume and surface element.

The flux divergence is the difference between the local
emitted energy and the energy absorbed from the inci-
dent intensity arising from emission by all of the sur-
rounding volume elements [8]

V'q. = 4a(cT* —i) )
where

a | aT*@x)e !

i=— 5

rfy =n |r—=r|

Combining equations (1) and (2) yields an integral
equation for the transient temperature distribution
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—alr—r’|

oT
—pey 5 = 4aoT* - -—f oT®) ¢ =l
The volume integral in equation (3) is written as

d b oo
2'( '[ GT“(X',y')j
Ix'=0 Jy'=0 z’=0

exp{ al(x—x') +(y—y) +221"%}
(x—x)V+(y—y)+2?

dz'dx"dy’.

Letting
& ==X+ (=) = 2 f
and
t = (1 +é/2)1/2
the volume integral becomes

f J oT*(x', y’ ‘(C“C)d 'dy’

where S, is one of the class of functions

S,,(X) = ;‘[1 —“‘_—dl

tn(tZ 1)1/2

2 /2

= “J‘ e D cosn=t 9 de. (4)
T Jo

The S, functions arise in two-dimensional radiative
transfer, and their behavior was examined in detail in
ref. [9]. The energy equation then has the form

T
—&6—=46T4

a ot
_azr J” oT* S,(a’C’) ¥
=0 Jy=0 al

Utilizing the dimensionless groups in the Nomen-
clature, this becomes

(&)

1T .,
~5.% = TX,Y,%)
B, S,(B,R)
_ o 4 ’ 7 1\ ’ ’
4J f T XY Dy 7y X Y
(6
where
RX, Y, X,Y)=[(X—X)2+(Y' =)},

This is a non-linear integral equation for the transient
temperature distribution.

The transient solution for a radiating plane layer
[6], which was initially at uniform temperature,
showed that the transient emittance is highest at the
start of the cooling when the outer portions of the
radiating region have not yet cooled more than the
interior. As cooling proceeds, the outer regions are at
lower temperatures, which reduces the radiative
ability of the region. It was found numerically that
the emittance based on the instantaneous mean tem-
perature and average boundary heat flux decreases
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from its initial value ¢, for a uniform temperature
region, to a lower value gy = ¢(%)/o T4 (7) when the
transient temperature distribution has reached a ‘fully
developed’ shape. For this fully developed transient
temperature distribution, which satisfies the energy
equation (equation (6)) the instantaneous heat loss
is in a fixed proportion to the fourth power of the
instantaneous mean temperature. Thus &, and g pro-
vide upper and lower bounds for the situation of
transient radiative cooling in low temperature sur-
roundings. These bounds will be examined here for a
rectangular region.

Separable solution
A solution for equation (6) is tried in the form

T, v,%) = T(fzﬁ, 0, f)F(X, Y) = To(H)F(X, Y).

M

Since T is defined as the value of T at the center of
the long side, X = A4g/2, Y =0, the F(A4z/2, 0) is
arbitrarily fixed at unity. F(X, Y) is the two-dimen-
sional shape of the temperature distribution, and
T(%) shows how the temperatures are decreasing with
time. Substituting equation (7) into equation (6)
yields

1 dTe B, .
7@ &t - FLY) [F )

e (1
B J J o, )i ER) 4y dY’]. ®)
4 X'=0,JY'=0 R

Since the variables have been separated (¥ on the left
and X, Y on the right) each side of equation (8) must
be a constant. Then to obtain an equation for F(X,
Y), the left-hand side of equation (8) is equated to
itself at any convenient value of X, Y; X = 4;/2,
Y = 0 was used because F(A4g/2, 0) = 1. This results
in an integral equation for F(X, Y)

B[4 1
FYX,Y)=F(X,Y){ 1-=2 I _[ FYX',Y")
4 Ly—o Jr-o
s[pat0x.r)]
x dx’dy’

B. [4= 1
+_°J‘ J F4(X/, Y/)
4 X'=0 JY'=0

$1[B,R(X, Y, X', Y]
R(X,Y, X', Y’)

dx'dy.. (9)

Average and local emittance relations
The emittance in the fully developed transient
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region can be found from a heat balance for the entire
rectangle

dT
2ea(b+d)oTE = —pe,bd (T) (10a)
which yields in dimensionless form
24, 1 dT,
I TR AT (10b)

From its definition, the mean temperature of the radi-
ating medium is

1 b d
Tu(t) = bdj Of , Tl y, ) dxdy

which has the dimensionless form

(11a)

A !
T.(D)= 1 f f T(x, v, ©)ydxdy. (11b)
AR IX=0 JY=0

Using equation (7) expresses T+, in terms of To(¥) and
F, as

T.() = Tp(f)AAIR L :0 LOF(X, Y)dxdy

= To(®)F,. (12)
Then from equation (10b)
24p 1 (14T,
o= TIYALF <T,, daz ) (132)

The quantity in parentheses on the right-hand side of
equation (13a) is a constant. This can be found from
the right-hand side of equation (8) yielding & in terms
of the solution for F(X, Y), where for convenience
the relation has been evaluated at the center of the

long side
B Ag !
1—~°J j FYX',Y")
4 X' =0 JY' =0

Ag , '
Si| B.R| 5. 0.X", Y7
x dx’dy’
r(Ax 0,X,Y
2

Equation (13b) provides the emittance of the rec-
tangular region so that in the fully developed transient
region the instantaneous heat loss per unit of length
28 O (1) = 2(b+d)eroTr (7).

The result in equation (13b) does not give any infor-
mation about the distribution of radiative energy loss
from locations around the boundary of the rectangle.
This can be found by obtaining local radiative flux

24, B,

B 4 F2

(13b)
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relations. Referring to Fig. 1(b), the energy aocT*(x’,
v, 2"y dV’/x is emitted from d V"’ per unit solid angle.
This is attenuated by the factor e ** before reaching
the surface element at x, b, z. Since cos 8 = (b—y")/S,
the solid angle that element dx dz subtends when
viewed from x’, ', ' is dx dz(b—)1")/S*. Then to
obtain the energy flux radiated through dx dz from
all volume elements, integrate over all x', ', z’ to
obtain

2a d h
(Iy(x, )= HJ:-'OJ:»'O

R T W
=0 [(x_x,)z‘l'(b_)"/)z‘+'Z/2]3/2

xdz dx"dy’.

aTHx',y . 7)

(14)

By using the same transformations as used to obtain
equation (5), g, is expressed in terms of the function
S, to yield

q,(x,1) = aJvil Jh
S,{ars)

xoT*(x, ¥, Db—y)52dxy'dy (15
2

where
ry=[(x—x)+(b-y)"".

¢.(y, 7) is similarly derived, and the fluxes are placed
in dimensionless form to yield

X,
qy( D _ f J X, Y, (1 -Y)
oT, X =0 JY'=0
S,(B,R
Lz—zldX'dY' (16a)
R;
qx(Y’f)_ AR : ¥ ’ ’ > ’
7 —BOL:O Ty -
S,(B,R
XZ(“’Z')dX’dY’ (16b)
Rj
where
2 - "2
RI=(X-X)+(1-Y")
RY= (4 —X)+(Y-Y")%
For a rectangle at uniform temperature 7 = T;, the

T =1 and equations (16a) and (16b) yield the local
emittance values

qy(x)

tu(X) =

—Bj J Sz(BRz)

=Y ixar (17a)
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9:(»)
oT?

Ag 1 A _X/
=B, f J S2(BoR) =15
X'=0 JY'=0 1

For fully developed transient conditions, the emit-
tance was based on the instantaneous mean temper-
ature of the region. Then equation (7) is used, and
by use of equations (16a) and (16b), the emittances
become

6u!.(y') =

dx’dy’. (17b)

(x,t
Sfd(X)=ZyTT(T;
B Ap 1
= —:J f FA(X,’ Y’)S2(BOR2)
FL Jv=o0 Jr=o
1-Y
x ——dX’'dY’ (18a)
R;
9:(y.7)
eu(Y) = O,TA(,E)
B Ag 1
=—ZJ J FYX',Y")Sy(B,R))
Fa -0 Jr-o
A 4 7
X R2 dX dY’. (18b)

By integrating ¢ around the boundary and obtaining
an area weighted average, ¢,, or &y is obtained for the
rectangle as

e= 1+1A I;[ s(X)dX+J‘=

where ¢ is either g, or gy The corresponding heat
losses per unit length in the z-direction are Q, =
2(b+d)e, 0T and Qp(t) = 2(b+ d)eo T (7).

Note that ¢, is based on the uniform temperature
T; of the region. The local and mean values of ¢ were
based on the instantaneous mean temperature T,,(7)
from equation (11a). For the transient situation, local
¢ values along the boundary could also be defined by
using the local heat loss and local temperature along
the boundary. Using equation (18), these values are
(the subscript £ indicates ¢ is based on the local bound-
ary temperature

s(Y)dY:I (19)

g,(x,7)
aT*(x,b,7)

F 4
e (X)) = = I: F(X, 1)] ea(X)  (20a)
9:(»,7)

F, 4
oT* @y~ [F(Y,AR)] #u(¥). (20b)

The mean beam length for an optically thin region,
L., is used as a characteristic length for the com-
parison of values of & for various geometries. From
ref. [8] L., = 4V/A so for a cylinder of diameter D,
L., = D; for a plane layer of thickness, D, L., = 2D;
and for a rectangle

2bd

bee b

e YY) =

2B, Ag

oral,, = Aetl

@n

HNT 32:10-K
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Numerical solution

The integral equation (equation (9)) was solved
numerically by iteration, starting with F(X, Y)= 1as
an initial function. The solution was carried out for
several optical lengths, B,, and three aspect ratios, Ag.
The initial F(X, Y) was substituted into the right-
hand side. After carrying out the double integration,
the difference between the right-hand side and the trial
F*(X, Y) was multiplied by an acceleration factor 1.5,
and the result added to the trial F*(X, Y) to obtain a
new F*(X, Y). This was inserted into the right-hand
side of equation (9) to continue the iteration. Usually
about 15 iterations were required to obtain conver-
gence to where the change in F* at any X, Y relative
to the F* at that location was less than 10~ % Most
cases required about 25 min running time on an IBM
370 computer.

From symmetry it is only necessary to solve for
values in one quadrant, as shown in Fig. 2(a). The
values at the grid points are then transferred to the
other quadrants so that the double integrations can
be carried out to include the entire area of the
rectangle. The quadrant in Fig. 2(a) was covered with
equally spaced grid points on a square grid; a typical
grid point is at x, y on the figure. Across the short
side of the rectangle, either 15, 20, 30, or 40 increments
were used. Test cases showed that 20 or 30 increments
usually gave accurate results. To carry out the inte-
grations, two-dimensional spline fits were made of
F(X, Y) using the IMSL routine CSINT. The geometry
was usually divided into subregions to improve the

< |
AN/
b/2 1 x.y%»\\sz l
LL OO
| /2 u
(@)

1672

ANNNNNARN ;L AN MANN AN
\. 2 \
b /
(b)

FiG. 2. Integration regions for solving radiative transfer
relations: (a) regions for solution of energy equation; (b)
regions for obtaining surface heat fluxes.

| D
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curve fit accuracy. The spline coefficients were then
used to interpolate values at locations between the
grid points for use in a two-dimensional Gaussian
integration subroutine (IMSL routine QAND). The
subroutine required irregularly spaced points
throughout the integration region surrounding each
grid point. The number of Gaussian integration points
in each coordinate direction was usually several times
the number of grid points. Other solution techniques
could be used such as in refs. [1, 2, 5], but the present
method should yield an ‘exact’ solution if the inte-
grations are done carefully.

A numerical difficulty with equation (9) is that the
last term appears to have a singularity in the kernel
as X', Y’ approaches X, Y so that R approaches zero.
Actually, the integrand is not singular, as shown by
using cylindrical coordinates. In cylindrical co-
ordinates dX’ d Y’ becomes R dR df, and the R is thus
removed from the denominator. To avoid numerical
difficulties, the integration was carried out in cyl-
indrical coordinates for a small region, area 5 in Fig.
2(a), surrounding the grid point. The remainder of
the integration was carried out using rectangular co-
ordinates over the rectangular regions 1—4 in Fig. 2(a).
The width of shaded strips 3 and 4 was less than one
grid spacing.

A similar procedure was used to evaluate the inte-
grals in equation (18) for the surface heat flux dis-
tributions. The integrands are again nonsingular, as
is evident in cylindrical coordinates. Three rectangular
regions were used, 1-3 as shown in Fig. 2(b), and
cylindrical coordinates were used to integrate over the
small region 4 surrounding the boundary grid point.
The size of é in Fig. 2(b) was less than one grid
spacing.

RESULTS AND DISCUSSION

As described in the numerical section, the integral
equation (equation (9)) was solved by iteration for
F(X, Y). This is the fully developed shape achieved
by the temperature distribution during transient radi-
ative cooling in surroundings that are at a much lower
temperature. The transient temperature distribution
has been normalized by its transient value at the center
of the long boundary, x = d/2, y = 0, and the ratio,
F(x, y) = T(x, y, 1)/T(d/2, 0, 1) is independent of
time. This is the temperature distribution that will be
reached during transient cooling, and it depends on
the aspect ratio, d/b, of the rectangle and on the optical
length of the short side, ab.

The shapes of typical fully developed temperature
profiles are shown in Fig. 3, and according to their
normalization, they pass through unity at x/d = 0.5
and y/b = 0. Figure 3(a) is for an aspect ratio of 2
and shows the effect of the optical dimension for
ab = 2 and 6. This range of ab was chosen on the basis
of previous work in refs. [6, 10]. For ab < 2 the region
becomes somewhat optically thin and the temperature
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(b)
F1G. 3. Temperature distributions for fully developed tran-

sient cooling of a rectangular region: (a) aspect ratio,
dfb = 2; (b) optical dimension, ab = 4.

distributions are rather flat. An ab = 6 shows the
behavior for a rather optically thick region. As would
be expected, the temperatures are highest in the center
of the rectangle, and they decrease at an increasing
rate in the heat flow directions toward the boundaries.
The lowest temperature is at the corner. An increase
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in optical thickness does not alter the general form of
the distribution, but considerably increases the ampli-
tude from the corner of the rectangle to the center.
Figure 3(b) shows profiles for an optical dimension
ab = 4, and for two aspect ratios, a square, and a long
rectangle, d/b = 4. The increase of aspect ratio raises
the amplitude of the distribution and provides a more
uniform distribution along the x-direction in the cen-
tral portion of the long dimension. From the study in
ref. [7] the temperature results are shown in Fig. 3 for
transient cooling of plane layers with optical thick-
nesses 2, 4, and 6. For the rectangle with aspect ratio 4
in Fig. 3(b), the temperature profile in the y-direction,
across the center of the long dimension, agrees with
that for a plane layer. This is also shown to be true in
Fig. 3(a) for an aspect ratio of 2 and for optical
thicknesses of the short side of 2 and 6.

The rectangle is initially at a uniform temperature
T.. For this condition, the local heat fluxes leaving the
boundaries were evaluated from equations (17a) and
(17b) and were normalized by ¢ T} to give the local

1.0
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emittance variations. These are given in Table 1, and
some of the values are shown in Fig. 4. In Fig. 4(a),
the optical length of the short side is 2, and results are
given for three aspect ratios 1, 2, and 4. The smallest
local emittance is at the corner, which can be thought
of as a locally optically thin region. The emittance
increases away from the corner and reaches its
maximum at the center of the long side. The curves for
d/b = 4 practically coincide with those for d/b = 2,
and along the long side, the emittance reaches the
value for a plane layer with an optical thickness equal
to ab. A further increase in aspect ratio would not
change the behavior in the end regions and would add
boundary area having the same emittance as for a
plane layer as given in ref. [6]. This behavior is more
pronounced when the optical density of the rectangle
is increased, as in Fig. 4(b), where ab is twice that in
Fig. 4(a). The local emittance for an aspect ratio of 4
follows that for d/b = 1 and rapidly reaches the value
for a plane layer. For large optical density, there is a
small end region of low emittance adjacent to the

~PLANE LAYER WITH
,/ OPTICAL THICKMESS. 2

LOCAL EMITTANCE.
a/ot)

\\ASPECT RATIO,
SO a/b
NO—y

~

N\
N
~_ 2
~

~1

/
— L

/— PLANE LAYER WITH
OPTICAL THICKNESS, 4

q/0T}

LOCAL EMITTANCE.

L1

|

<\ ASPECT RATIO,
\\\\ d/b

l | |

1.
7

y/b

4
0 .2
DIMENSIONLESS COORDINATES

S5 4

(b)

4

.6 .8 1.0
x/b

FiG. 4. Local emittance along boundary for radiating rectangular region at uniform temperature (plane
layer results from ref. {6]): (a) optical dimension, ab = 2; (b) optical dimension, ab = 4.
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Table 1. Local emittance values along sides of rectangular region
(8w = q/0 T, &3 = 4,/6T3)
(a) Aspect ratio, d/b = 1

Optical dimension, ab

1 2 4
x/b or y/b Eut Exd Eut Erd Ent 2] Eut 221
0 0.369 0.351 0.462 0.405 0.496 0.341 0.500 0.262
0.1 0.513 0.492 0.693 0.619 0.827 0.612 0.882 0.540
0.2 0.575 0.567 0.779 0.738 0913 0.773 0.957 0.709
0.3 0.611 0.613 0.823 0.815 0.950 0.877 0.982 0.820
0.4 0.631 0.639 0.845 0.858 0.966 0.937 0.991 0.885
0.5 0.636 0.648 0.852 0.872 0.970 0.957 0.993 0.906
(b) Aspect ratio, d/b = 2
Optical dimension, ab
1 2 4
x{b &t & Eut & &n & 8ur &
0 0.387 0.348 0.469 0.363 0.497 0.272 0.500 0.193
0.1 0.537 0.484 0.703 0.554 0.828 0.490 0.885 0.402
0.2 0.605 0.564 0.793 0.674 0916 0.635 0.957 0.544
0.3 0.649 0.625 0.843 0.764 0.955 0.740 0.982 0.653
04 0.680 0.672 0.874 0.835 0.973 0.826 0.992 0.739
0.5 0.700 0.709 0.894 0.889 0.982 0.895 0.996 0.805
0.6 0.715 0.733 0.907 0.931 0.987 0.945 0.997 0.855
0.7 0.725 0.753 0.915 0.962 0.990 0.982 0.998 0.892
0.8 0.732 0.768 0.920 0.984 0.991 1.008 0.998 0917
0.9 0.735 0.776 0.923 0.996 0.992 1.023 0.999 0.931
1.0 0.737 0.779 0.924 1.000 0.992 1.028 0.999 0.936
Optical dimension, ab
1 2 4
yib &t Er Eut L n & &t &
0 0.426 0.396 0.485 0.391 0.499 0.280 0.500 0.196
0.1 0.575 0.531 0.719 0.579 0.827 0.495 0.884 0.403
0.2 0.641 0.605 0.806 0.689 0.916 0.628 0.957 0.535
0.3 0.678 0.652 0.852 0.761 0.953 0.715 0.982 0.624
0.4 0.698 0.680 0.875 0.802 0.969 0.767 0.991 0.677
0.5 0.705 0.689 0.882 0.815 0.974 0.784 0.993 0.694
(c) Aspect ratio, d/b =4
Optical dimension, ab
1 2 4
x/b &t & Eut &ra & & Eut &
0 0.390 0.320 0.470 0.314 0.497 0.224 0.500 0.159
0.2 0.609 0.520 0.794 0.586 0.916 0.523 0.957 0.446
0.4 0.685 0.625 0.875 0.734 0.973 0.691 0.992 0.607
0.6 0.724 0.695 0.908 0.832 0.987 0.801 0.997 0.708
0.8 0.745 0.743 0.924 0.900 0.991 0.874 0.998 0.773
1.0 0.758 0.778 0.932 0.947 0.993 0.923 0.998 0.815
1.2 0.767 0.803 0.935 0.981 0.994 0.956 0.998 0.846
1.4 0.770 0.818 0.937 1.000 0.994 0.974 0.998 0.856
1.6 0.771 0.828 0.938 1.011 0.994 0.982 0.999 0.860
1.8 0.772 0.833 0.939 1.018 0.994 0.987 0.999 0.862
2.0 0.772 0.835 0.939 1.020 0.994 0.988 0.999 0.863
Optical dimension, ab
1 2 4
y/b Eur & £t & £ & &ut &
0 0.441 0.384 0.487 0.344 0.499 0.231 0.500 0.161
0.1 0.589 0.506 0.721 0.507 0.828 0.409 0.885 0.331
0.2 0.656 0.575 0.808 0.603 0.917 0.518 0.957 0.438
0.3 0.695 0.619 0.854 0.666 0.954 0.592 0.982 0.511
04 0.715 0.637 0.877 0.702 0.969 0.635 0.991 0.553
0.5 0.722 0.645 0.884 0.714 0.974 0.649 0.993 0.567
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short side, and the remainder of the rectangle has a
local emittance equal to that for a plane layer.

As the rectangle continues to cool, the fully
developed temperature profiles are reached as deter-
mined by the separation of variables solution in the
analysis. T% is found to decrease with time at the same
rate as the local heat loss is decreasing so that the
local emittance along the boundary is not a function
of time. The mean temperature, 7,,, can be greater or
less than the local temperatures in the medium near
the boundaries, which are the most significant tem-

peratures in providing the local heat loss, unless the
region is optically thin. The ratio of local ¢,/aT5 along
the boundaries can thus exceed unity and cannot be
regarded in terms of the usual emittance definition.
The emittance of a radiating medium is only properly
defined if the medium has a uniform temperature and
composition. The lower temperatures in the end
regions of the rectangle decrease the mean tem-
perature of the entire region, and hence cause the
ratio ¢,/6 Ty to be high in the central portion of the
long boundary. Table 1 and Figs. 5(a) and (b) give

19—~
ASPECT 1.0 ASPECT
RATIO. RATIO,
/b dsb
.9 g
L PLANE LAYER
WITH OPTICAL
THICKNESS, 2
] | ] | | J
(a)
11—
ASPECT RATIO,
/b
ASPECT
RATIO, 1.0 f— ) 2
b <
1 L
T 9|~
\
_PLAME LAYER
WITH OPTICAL
THICKNESS, &
L1 | | | ] L | ] i | | J
5 4 .2 0 2 u 6 8 1.0 1.2 14 16 1.8 2.0

y/b DIMENSIONLESS COORDINATES

®

x/b

FIG. 5. Local emittance along boundary for fully developed transient cooling ; emittance is based on mean
temperature of region (plane layer results from ref. [7]): (a) optical dimension, ab = 2; (b) optical
dimension, ab = 4.
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FiG. 6. Local values of the ratio g/cT* along the boundary ; optical dimension ab = 2.

results when the optical length of the short side is
equal to 2 and 4. The results shown in Fig. 5 for a plane
layer are also for fully developed transient cooling as
obtained in ref. [7]. For rectangles with very large
aspect ratios, the cooler end regions would become
less important in determining the T, value, and the
curves of g,/aT4 along the long side will then
approach the plane layer results. This trend is shown,
for example, by comparing the curves for aspect ratios
2 and 4 in Fig. 5(b).

When forming an emittance, the local heat flux
from the sides of the rectangle could be normalized
relative to the local boundary temperature rather than
using T,,. The result is shown in Fig. 6 for an optical
dimension ab = 2. Since the transient boundary tem-
peratures are generally lower than the mean tem-
perature, the ratio g/cT* gives values that are larger
than those in Fig. 5. This serves to further emphasize
the fact that much of the energy leaving the boundary
is radiated out from the interior of the medium where
the temperatures are higher than at the boundary.
This effect is accentuated as the optical density is
increased, which increases the nonuniformity of the
temperature distribution. To further examine this
effect, the local heat flux at the center of the long side
was divided by 6T*(d/2, b) on the boundary at that
location. As shown in Fig. 7, this ratio increases as
the optical dimension ab increases, and it also
increases with the aspect ratio of the rectangle. When
the aspect ratio approaches 4, this local ratio has
almost reached the value for a plane layer.

Having discussed the local fluxes around the rec-
tangle, the emittance for the total region is now exam-
ined as obtained from equation (19) using the local ¢
values from either equation (17) or equation (18). To
compare rectangles having various aspect ratios with
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FiG. 7. Local emittance at center of long side of rectangle
for fully developed transient cooling.

each other, and with a cylinder and a plane layer, it is
convenient to use a characteristic optical dimension.
The optical mean beam length aL_, for an optically
thin region is used as defined in equation (21). This
causes all the average ¢ curves to come together when
the regions are optically thin. Figure 8(a) shows the
emittance for the rectangle at uniform temperature 7.
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F1G. 8. Emittance for cooling a rectangular region compared

with a plane region and a cylinder: (a) values for region at

uniform temperature ; (b) values for fully developed transient
cooling.

Numerical values are given in Table 2. The heat loss
per unit of length z is related to this emittance
by Q = 2¢,(b+d)oT{. For a region with uniform
temperature, the emittance increases continuously
with aL.,, and when aL,., = 8, the cylinder and plane
layer have become almost black. The rectangular
shapes have somewhat lower emittance values as a
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Table 2. Area averaged emittance values for cooling of a
rectangular region at uniform temperature and for fully
developed transient conditions

Aspect Optical dimension, ab
ratio,
dfb 1 2 4 6
1 Eut 0.570 0.767 0.887 0.926
&5 0.565 0.739 0.776 0.711
F, 1.041 1.076 1.135 1.187
2 &a 0.656 0.832 0.925 0.948
& 0.646 0.783 0.757 0.664
F, 1.040 1.075 1.140 1.197
4 &t 0.708 0.874 0.951 0.966
€ 0.695 0.818 0.774 0.674
F, 1.040 1.081 1.156 1.223

result of the poor emissive ability in the corner regions.
As the aspect ratio increases and the corner regions
become proportionately less important, the g, values
for the rectangular shapes gradually approach the
values for a plane layer.

The emittance values for fully developed transient
cooling in low temperature surroundings are shown
in Fig. 8(b). The heat loss per unit of length z for the
rectangular regions is Q = 2e,(b+d)sT:. As the
optical mean beam length is increased, &y passes
through a maximum for each geometry and then
decreases. The peak ¢ are in the range of aL. , from
about 3 to 5. For a plane layer, the mean beam length
is twice the layer thickness ; so the peak is at an optical
thickness of the layer of about 2.5. The decrease in
emittance at larger thicknesses is because the outer
regions have much lower temperatures than those in
the interior. This provides a lower emissive ability
compared with a region at uniform temperature.

CONCLUSIONS

The radiative ability of an emitting and absorbing
rectangular region was analyzed to examine transient
cooling behavior. The energy equation formulated
with the radiative heat fluxes is a two-dimensional
non-linear integral equation for the temperature dis-
tribution. This was solved numerically by iteration for
various aspect ratios of the rectangular region and for
various optical lengths of the smaller boundary. To
solve the integral equation, the two-dimensional inte-
grals in the energy exchange were evaluated with
Gaussian integration subroutines. These integration
procedures were also used to obtain the local surface
heat fluxes after the temperature distribution was
obtained. For conditions at the onset of transient
cooling, when the region is still at uniform tempera-
ture, the average emittance for the rectangle is
increased when the optical mean beam length of the
region is increased. This behavior is compared with
the fully developed transient results that were found
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using a separation of variables solution for cooling in
low temperature surroundings. For transient cooling,
the emittance is decreased as the optical thickness
becomes large. This is the result of the transient tem-
perature distribution where the outer regions become
much cooler than the interior. The average emittance
values provide upper and lower bounds for the
radiative performance during the transient cooling
process. They show how significantly the transient
behavior can deviate from that for radiation from
a region at uniform temperature.
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QUELQUES ASPECTS DU REFROIDISSEMENT VARIABLE D’UN MILIEU
RECTANGULAIRE RADIANT

Résumé—L’emission d’un milieu gris rayonnant est analysé pour le refroidissement variable dans des
ambiances & basse température. Le milieu est rectangulaire, sans variation dans la direction normale a la
section droite. L’équation intégrale pour la distribution variable de température est résolue numériquement
en utilisant une méthode d’intégration gaussienne 4 deux dimensions. L’émission pour un rectangle a
température uniforme est comparée a celle pour un refroidissement ou la distribution de température a
atteint une forme pleinement établie, comme le montre une solution par séparation des variables. Les
deux solutions fournissent les limites supérieure et inférieure de I’émittance d’un rectangle pendant le
refroidissement variable. Les émittances pour plusieurs rapports de forme sont présentés en fonction de la
longueur du rayon moyen et sont comparés avec des résultats pour une couche plane et un cylindre.

INSTATIONARES ABKUHLEN EINES STRAHLENDEN RECHTECKIGEN KORPERS

Zusammenfassung—Es wird die Emission eines grau strahlenden Korpers untersucht, der sich in einer
Umgebung von geringer Temperatur abkiihlt. Die Grundfiiche des Korpers ist rechteckférmig, die Dicke
iberall konstant. Die Integral-Gleichung fiir die instationidre Temperaturverteilung wird mit Hilfe eines
Integrations-Unterprograms fiir zweidimensionale Fille nach Gauss numerisch gelost. Die Emissivitit
eines Rechtecks bei konstanter Temperatur wird verglichen mit der Emissivitit beim instationdren
Abkihlvorgang, wobei das Temperaturfeld als voll ausgebildet angenommen wird. Die beiden Lsungen
stellen die obere und untere Grenze fiir die Abstrahlung eines Rechtecks wihrend des instationiren
Abkiihlvorgangs dar. Die Abstrahlung wird fiir verschiedene Seitenverhiltnisse dargestellt und mit den
Ergebnissen fiir eine ebene Schicht und einen Zylinder verglichen.

HEKOTOPHIE ACIEKTbI HECTALIHOHAPHOT'O OXJIAXIAEHUSA U3JTYYAIOMEN
CPE[B! IPIMOYTOJIBHOM ®OPMbI

ABBOTRImS—AHAIH3UPYETCA IMHCCHA OT Cepoil H3jyualoleil cpell B clyYae OXJIaxICHUA B HECTALHO-
HApHOM PEXHME TIPH HH3KOM TemmepaType oxnaxkaaiomedt cpean. Minywaromas cpeaa HMeeT npsMoy-
ronsHylo GoOpMy, He M3MEHSIOMIYIOCS B HANPABJICHHH, NEPNEHAHKYICPHOM NOMEPECTHOMY CEYEHHIO.
HHTerpaibHOe ypaBHEHHE MU HECTAITHOHAPHOTO PACHpENEIICHHS TEMICPATLPHI PEIACTCH YHCJIEHHO C
HCHIOJIb30BaHHEM Merona I'aycca s pacuera mHTerpaos. CpapHHMBaeTCs H3JTyuaTebHas ClIOCOGHOCTD
MPAMOYTOJIbHAKA NMPA MOCTORHHON TeMOepaType M NpH OXJaXJACHHH B HECTAHHOHAPDHOM pEXHME B
cllydae MOJHOCTBIO Pa3BHTOrO PACIPENC/ICHAN TEMIICPATUP, HOJYYE€HHOTO METOANOM Pa3JiccHHs Iepe-
MEHHBIX. YKa3aHHbIE PEILICHAS ONPENCIAIOT BEPXHIOIO H HHAHIOK IPaHBUb H3y4eHHA IPAMOYTO/bHAKA
NpH HECTAHHOHAPHOM oxJyiaxAcHHH. ManyvaTenbHas cmoco6HOCTH MUIS pa3sNMYHBX 3HaYeHMd OTHOWIE-
HHS CTOPOH NIPEACTARJIEHH Kak QyHKums cpenueif Jiywa MPAMOYronbHAKA H CPABHRBAIOTCA C Pe3yJbTa-
TaMH IJIA IUIOCKOrO CJIOfA M IIHHAPA.



